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Abstract

A spectral finite difference method is applied to analysis on magnetic levitation as a major unsteady-state problem in
magnetohydrodynamics. Vorticity-stream function formulation is introduced in conjunction with Maxwell’s equations,
and the non-linear term of Ohm’s law for a liquid metal is included. For the purpose of analysis treated is a liquid metal
occupying a volume such that no shear stresses and no normal velocity components on the free surface are used as
dynamic boundary conditions. Externally applied electromagnetic fields consist of no electromagnetic field at infinity
and fields produced by circular coils placed horizontally near the liquid metal. Presented are lift force, magnetic fields
and flow fields for several parameters. Numerical data for high viscosity on dimensionless force with the dimensionless
vertical coil position are qualitatively in good agreement with experimental data for a solid metal [J. Appl. Phys. 23
(1952) 545]. The effects of the Reynolds number, the Strouhal number and the number of the external coil(s) on levi-
tation force, the magnetic field and the flow field are clarified.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Magnetic levitation for metallic substances has been used to melt, stir, heat and evaporate electrically
conducting liquids at a high temperature, and to measure thermophysical properties such as density, surface
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tension, viscosity, electrical conductivity, and thermal properties of clean liquid metals [1,2]. Many theoret-
ical and experimental studies have been done to provide the metallurgist with electromagnetic knowledge
applied to magnetic levitation [3-9]. To avoid difficulty in solving Maxwell’s equations, most theoretical
and numerical studies for levitation melting have neglected the non-linear term in Ohm’s law for a liquid
metal [4,8,9].

On the other hand, spectral schemes have been used recently along with a finite difference scheme and a
finite element one for a numerical analysis of hydrodynamic and magnetohydrodynamic phenomena.
Although a spectral finite difference (SFD) scheme is a kind of spectral methods in principle, it is different
in nature from conventional spectral finite element methods [10], while SFD schemes in heat and fluid flow
have been developed and their effectiveness has been found [10], a few of those in magnetohydrodynamics
has been developed only to get a steady-state solution [11,12]. In this paper, magnetic levitation of liquid
metals, which is one of unsteady-state problems, is analyzed numerically with Ohm’s law included the non-
linear term, using a SFD scheme.

The paper is organized as follows: Section 2 describes analysis using a SFD scheme. In Section 3, numer-
ical results for levitation melting under the isothermal condition are presented. Conclusions are given in
Section 4.

2. Analysis
2.1. Basic equations

The equation of motion and the equation of continuity only for a liquid metal field are expressed as
0
I av—i—(v-V)v =V -1+ pg, (1)

V-v=0, (2)

respectively, where p is the density, v the velocity vector, t the stress tensor, and g is the acceleration vector
of gravity. The following model of a stress tensor is adopted:

1
Ty = pdy; — 8P + HB; — Eg,-ijBm (3)

where y is the viscosity; d;; the rate of deformation tensor; P the pressure; H; the magnetic field vector; B, the
magnetic flux density vector; and g is the metric tensor.
Maxwell’s equations governing the electromagnetic field are expressed as

0B

E=—— 4
V x o (4)
oD
H=j+—
V x ]+at’ (5)
V-B=0, (6)

respectively, where E is the electric field; j the current density; and D is the electric flux density. In the case
of a liquid metal, neglecting the displacement current term 0D/0¢ is a usual assumption. Furthermore, it is
assumed that

B=y,H, (7)
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where p,, is the magnetic permeability. In addition to the above, Ohm’s law for a moving medium is used:
Jj=0(E+vxB), (8)

where o is electrical conductivity.

2.2. Dimensionless governing equations of a liquid metal

Axisymmetric distribution of an alternating current in an external circular coil surrounding a spherical
shape of a liquid metal is assumed.

Let (z,r,0) be a cylindrical coordinate system such that origin is located at the center of the liquid metal
and that the z-axis is perpendicular to the coil, and (z,r,0) is mapped on (R,f,0) using z + ir = exp(o + iff) =
Rexp(if). Then vorticity-stream function formulation of an axisymmetric field is given by

J o 13(Ly) 1 or 1o (1o
Ra R (ﬁ)+R6R<r6ﬁ&//><raRw)

B o 1@1@2 10 (Ror 1 0 (1dr
“ el (G R ) Rk o o) e o))

10({pthy) (10 (10r 10 /1o
+— AR, f) +E&<_ B@B‘ps) R@ﬁ( CB‘/’B) 9)
¥ 10 1@ 10 (ROor 1 9 /1or
R2C_(6R2+R8R+Rzaﬁ>w+l_€@<;§w>+F@<;a_ﬁw>’ (10)

where a is radius of a liquid metal; B, the reference magnetic flux density; U = By//1,,p; t the dimension-
less time based on @/ U; { the dimensionless vorticity based on Ula; ry the dimensionless stream function
based on @’U; {p the dimensionless magnetic vorticity based on By/a; rjp the dimensionless magnetic
stream function based on a By, Re = (aBo/u)\/p/ thy,> J = 0(z,r)/d(ct, ).

By integrating the axisymmetric induction equation deduced from Maxwell’s equations, we obtain

J Yy OWg, ) 1 10(y,7) 1 0(y,r)
B o + 2R.B) TRVF R B _"pBra(R B

1 G 1a 1 & 1 0 (Ror 1 0 (/1or J ()
_R—e«Pm{(ﬁ—i_R R TR o )‘PB R R (? WB) TR a5 (; @m)} teo o
where P, = uou,,/p, f(t)/r the constant of integration to be determined (f{¢): function only of 7). The point

R =0 is by no means a singular point in a physical point of view, so that as a necessary condition f{z) =0 is
obtained. The relation between the magnetic vorticity and the magnetic stream function is given by

J GR Lo 1 & 10 (Ror 12 (/lor
—=G === — - = == |-= . 12
R <aR2 TRRTER )'pB R R (r R ‘p3> TP (r aﬁ%) (12)
Dimensionless velocity components in the z- and r-direction; v. and v, are, respectively, given by
_lo(ry) _ %
U, = ; or y U, = az (13)

Dimensionless magnetic flux density components in the z- and r-direction; B, and B, are, respectively, given
by



K. Im, Y. Mochimaru | Journal of Computational Physics 203 (2005) 112-128 115

a'ﬁg
or '’ 0oz

2.3. Approximation to Maxwell’s equations on an external region of a liquid metal

Electrical conductivity of a vacuum and air is nearly a zero (¢ ~ 0) so that current density on an external
region of a liquid metal is nearly a zero. Then Eq. (5) of an axisymmetric field is approximated to

¢ 12 1@ 19 12 (lar
(@RZ+R@R Rzaﬁ>‘/’3 R@R(raR‘”B> Rzaﬁ<raﬂ"’3>:0 (15)

if l<R<R,or R,+h,<R.
In the region (R, < R< R, + h,), Eq. (15) is replaced by

o 190 1@ 10 (Ror 1 0 /1or .
(@*ma Rzaﬁ>*”8 R@GWB)*F@(;WB):‘CB’ (16)

where the dimensionless external magnetic vorticity (5 is produced by a single-loop coil at R, < R < R, + I,
and B,<|B|<B, + B, and given by

(g =Twmcos(St-){H(B—B,) —H(B— B, — B,) +H(B+B,) —H(B+ B, +B)} (Ri<RR, + hy),
(17)

where Iy, = (ap,,L)/(AconBo); I, is the peak current in a coil; A.y the cross-section of a coil;
St = aw\/it,,p/By, »/2r the frequency, and H() is the Heaviside step function. Fig. 1 shows a single-loop
configuration of the magnetic levitation melting, where c¢,, = (R, + h,/2)cos(B, + B./2), cm =
(R, + h,/2)sin(B, + B,/2). In case of multi-loop coils, the external magnetic vorticity {} is superimposed
from each contribution of coils.

Fig. 1. Example of magnetic levitation melting.
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2.4. Spectral formulation

The following form of a solution is considered:

[ee] 1?7 t . DC n [\’7 t .
{W] :Z[lp”( )}smnﬁ, [WB] :Z[wlg( )]smnﬁ. (18)
é’ n=1 Cn (R7 t) CB n=1 CBn (R7 t)

2.5. Boundary conditions

As time development of electromagnetic equipment, possible loads of a liquid metal which can be lev-
itated have been considerably increased [6]. For the purpose of analysis treated is a liquid metal occupying

a volume such that no shear stresses and no normal velocity components on the free surface are considered
as the velocity boundary condition. That is,

Y(R=1p1)=0, (19)
J. 1oy o J

—c+——~—+Rw—&B> =0, (20)
<R2 JOROR TR

where B, is the dimensionless magnetic flux density component in the a-direction based on B, and By is the
dimensionless magnetic flux density component in the f-direction based on By. Eq. (19) leads to

v, (1,6) =0 (n=1). (21)
Eq. (20) is approximated as

hoy+h_,

R_,t)—2
Cn( 1y ) h—lh—Z

h_ 2 L
W, (Roy,t) +2 1 )!//n(sz, 1) +ER€/0 sinnf(B,Bg)z_; df =0,

hoalhy +h s
(22)

where Ry =1, R_; and R_, are R-values at the first and second grid point from R = 1 inward, respectively,
h,] =1- R,], and /’l,z = R,] — R,z.
Magnetic field boundary conditions are

(W = ¥5) e =0, (23)
R=1
Y5(Roo, B,1) =0, (25)

where R is the R-value at the virtual boundary equivalent to infinity (R, ~ 100), and superscripts of i
and e indicate the internal and external field of a liquid metal, respectively. Eq. (23) leads to

Vo (1,0) = ¥5,(1,0) =0 (n>1). (26)
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Eq. (24) is approximated as

2hy + Iy ho + Iy hy 2h 4+ h,
ho(ho + hy )‘pB"( 1w D m‘//m(& 1)+ mwgn(l,t)
h 1 +hy h_y ;
T L~ R ,,t)=0 27
h lh 5 l#Bn( )+h,2(/’l,1 +h,2) lan( 2 ) 3 ( )

where R, and R, are R-values at the first and second grid point from R =1 outward, respectively,
ho=R; — 1, and h; = R, — R;. Eq. (25) leads to

Vg, (R ) =0 (n=1). (28)

2.6. Auxiliary conditions

Since the point R = 0 is by no means a singular point, as a necessary condition the following hold:

lpn(07 t) = C,,(O,t) = lan(O’ t) = CB):(()?t) =0 (}12 1) (29)

2.7. A non-uniform grid spacing in R (the internal region of a liquid meal)

To support high Reynolds and Strouhal number cases, introduced is a non-uniform grid spacing in R,
where the nth coordinate R_,, numbered from the free surface is specified, using a suitable positive constant
v (h: a constant to be determined to satisfy such a condition that R =0 is on a grid), by

inh(n — 1
R, =Ro— h<7sm =1y 1). (30)
sinhy

An uniform grid spacing in R is made as y approaches +0, and the larger y produce the denser grid spacing
near R.

2.8. Numerical integration schemes

The Fourier series (18) can be truncated up to a suitable order and governing equations can be split into
corresponding Fourier components to constitute a simultaneous partial differential equations in R and ¢,
which can be integrated semi-implicitly with respect to time by starting from at rest with a no magnetic field
[W(R,5,0) = {(R,B,0) = (5(R,,0) =0 (0 < R< 1), Yp(R,,0)=0 (0 < R< R,)] to get a periodic solution in
time.

2.9. Dimensionless force and levitation radius

From Egs. (3), (19) and (20), dimensionless levitation force L. is given by

oo {0, o [ {595 e[ () o o

6P*_ 1 Ra(rC) aUﬁ 61;/;
oF Rer OR “ﬁCBB“_(f 0 ) (32)
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where vg is the dimensionless velocity component in the f-direction and P* is the dimensionless pressure
based on B}/u,,. The dimensionless magnetic force component in the z-direction is defined as

o[ ()G, e [ (maigy)
_QZBgﬂm///(,'xB)de, (33)

where dV is the volume element of a liquid metal. Time mean values of dimensionless levitation and mag-
netic force, L,, and M,,, are given by

M-(2)

1 t+Tm

1 t+Tm
L,=— L.dt, M,=— / M. di, (34)
TWI t Tm t

respectively, where T,, is the period in time. The dimensionless levitation radius of a sphere (the gravity
force acting to which is equal to levitation force) based on {/u?/(p%g) is

K = W%Resz. (35)

2.5
B O Experiment (Okress et al, 1952)
5 B A L (Pm=10° Re=1.11x10%)
. o [ ] M,, (Pm=10° ,Re=1.11x10?) A
3 L
X A _ A
§ 1s] .
(8] O
5 T o oi
L - O
g T - d
e B A
S 1r °
£l .
L A A
05 A . Q
i ¢ ®
1 | | | | |
0-8 -6 -4 -2 3

The Vertical Position of the Coil (c,,)

Fig. 2. Comparison of dimensionless force between computed data and experimental data at Re- P,, = 1.11, St=183 and the
dimensionless horizontal coil position ¢,, = 4.85.
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3. Numerical results

(1) Common conditions under numerical computation.

119

All the numerical computation is executed at a time interval of 2mt/(St - 100) with A..y/a® = n/16,

h, =+/n/4 and I, = 1.
(i1) Force against a vertical coil position.

Dimensionless force (L,, and M,,,) corresponding to a highly viscous state is plotted in Fig. 2 against a
dimensionless vertical coil position ¢,, in case of a single-loop coil with the experimental data
(Re- P,,=1.11, St = 183, the dimensionless horizontal coil position c,,, = 4.85) by Okress et al [3],
which shows qualitatively good agreement of computed data with experimental ones for a solid metal.
While difference between L, and M,,, i.e., contribution from pressure and viscous terms is small.

(ii1) Force against a Strouhal number.

Magnitude of dimensionless force, |L,,| and |M,,|, is plotted in Fig. 3 against a Strouhal number St at
Re = 1073, (ConsCrm) = (—1.4,1.4), P,, = 10° (ideally high viscosity) or P,, = 9.7 x 10”7 (Fe at a melting
point). The sign change of L,, at P,, =9.7 x 1077 will take place at higher St than that at P,, = 10°.

(iv) B,(1,B,1), Bp(1,p,) and vp(1,p,¢).

Free surface magnetic flux density components B,(1,8,7), Bg(1,5,7) and a surface velocity component
vp(1,B,t) are plotted in Figs. 4(a)—(c), respectively, at Re = 1072, (CopsCrm) = (—1.4,1.4), P,, = 10* and
time ¢ when { reaches maximum, and those in Figs. 4(d)—(f), respectively, at the same condition ex-

cept P, =9.7x107".

10° £
E O -LyatP,=10°
- n Lpat P,=10° ..
10 A Myatp=10° [ }
E A Mpatp,=10°
E O ApatR,=9.7x107 ® 1
) r @ L.atR=97x107 ]
o L O MpatPr=9.7x107
-7
I.E 102k @  M,atP,=9.7x10 PY
0 E
] r
o o
S i .lllllllllllllllli“‘
Q A ( ¢
$ 10 &
£ ¢ 0%
o
*
10" | O ®
: O
10° ] ] ] ] ] ] ]
10° 10" 10' 10° 10° 10" 10° 10"
St

Fig. 3. Comparison of dimensionless force between P,,=10° and P,,=9.7x1077 at Re=10"°

(C:”,C‘m) = (714,14)

10"

and the coil position
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Fig. 4. Graphs of B,(1,5,1), By(1,p,t) and vg(1,5,1) at Re = 1073, the coil position (c.,,¢,,) = (—1.4,1.4) and time ¢ when (p reaches
maximum: (a)—(c) P,, = 10 (d)~(f) P,,=9.7x 107"
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(a) (b)
1 1
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) 0 1I 2 - 0 1I 2

" @ " (d)
1 1k
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N2
(e) (f)
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Fig. 5. Magnetic field solutions at P,,=9.7x 1077, Re =107, the coil position (¢.,.¢;) = (—1.4,1.4) and time ¢ when (5 reaches
maximum; contour lines of Y (5= 75x107%); contour lines of the dimensionless magnetic vorticity on right. (a) St= 10,
p=2x107% (b) Sr=107, 6(p=2%107% (c) St=10% 8(p=2x1073 (d) St=10°, 6(5=2x10"% (e) Sr=10", 8(5=0.02; ()
St=10", 65 =0.02.
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Fig. 7. Variation of |L,,| at P,, = 9.7 x 10~ and the coil position (¢.,,¢,) = (—1.4,1.4).

(ix) Variation of |L,,| and K for various coil configurations.
Variation of |L,,| for various coil configurations at Re = 10 with St and that at Sz = 10* with Re are
shown in Figs. 9(a) and (b), respectively, while variation of K at Re = 10 with St and that at St = 10*
with Re are shown in Figs. 9(c) and (d), respectively.
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Fig. 8. Solutions of both the magnetic field and the flow field at Sz = 10%, P,, = 9.7 x 1077, the coil position (c.,,,c,,) = (—1.4,1.4) and
time ¢ when (j reaches maximum. (a) Re =102, oYz =5x1073, 6{3=2x107; (b) Re =102 oy = 1074, 6 =0.01; (c) Re =10
S =103, 60=0.1; (d) Re=3x10% 6y =103, 6, =0.1; (€) Re = 10*, 5 = 5x 1073, 65 =0.02; (f) Re = 10%, 3y = 1073, 8¢ = 1.
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Fig. 9. Comparison of |L,| (a, b) and K (¢, d) among (c...¢;) = (—1.4,1.4), (copc) =(—0.7,1.4) and (c.1,¢1) + (¢22,62) at
P, =9.7x 1077, where (c-1,¢,1) = (—1.4,1.4) and (c-»,¢,0) = (—0.7,1.4).

(x) Contour lines of g, {3, ¥ and { with Re at two external coils.
Contour lines of {3 and {p for two external coils are shown in Figs. 10(a)—(f) for various Re at
P,,=9.7x10"7, St = 10* two coils and time 7 when ( reaches maximum, whereas those of  and
¢ for two external coils are shown in Figs. 11(a)~(f) for various Re at P,,=9.7x 1077, St=10%
two coils and time ¢ when {3 reaches maximum.

(xi) The magnetic Prandtl number of a liquid metal.
Although numerical calculation for the liquid metal is performed at P,, = 9.7 x 10~ (Fe at the melting
point), numerical results are not limited qualitatively to iron because liquid metals have low magnetic
Prandtl numbers (about 10~7 ~ 107°). Table 1 shows that a difference between levitation forces L,, at
P,=9.7x10"" and P,, = 2.6 x 107 (Al at the melting point) is small.
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Table 1
Values of L, at St = 10*
Pm Re
1072 107! 1 10 10
9.7%x 1077 —2.8x107* —2.1x107* —8.1x107° 52x107* 1.1x1072
2.6%x107° —2.8x107* —2.1x107* —6.6%x107° 6.4x107* 2.1x1072

4. Conclusions

It is demonstrated that, with proper transformation of governing equations and boundary conditions, it
is possible to obtain unsteady-state periodic solutions of liquid metals in a vertical axisymmetric levitation
melting, using a spectral finite difference method. Levitation force, magnetic force, magnetic fields and flow
fields were presented for several parameters. Numerical data for high viscosity on dimensionless force with
the dimensionless vertical coil position are qualitatively in good agreement qualitatively with experimental
data for a solid metal [3]. The effects of the Reynolds number, the Strouhal number and the number of the
external coil(s) on levitation force, the magnetic field and the flow field are clarified, with a peak of levita-
tion force against a Strouhal number at a constant Reynolds number or Reynolds number at a constant
Strouhal number.
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