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Abstract

A spectral finite difference method is applied to analysis on magnetic levitation as a major unsteady-state problem in

magnetohydrodynamics. Vorticity-stream function formulation is introduced in conjunction with Maxwell�s equations,
and the non-linear term of Ohm�s law for a liquid metal is included. For the purpose of analysis treated is a liquid metal

occupying a volume such that no shear stresses and no normal velocity components on the free surface are used as

dynamic boundary conditions. Externally applied electromagnetic fields consist of no electromagnetic field at infinity

and fields produced by circular coils placed horizontally near the liquid metal. Presented are lift force, magnetic fields

and flow fields for several parameters. Numerical data for high viscosity on dimensionless force with the dimensionless

vertical coil position are qualitatively in good agreement with experimental data for a solid metal [J. Appl. Phys. 23

(1952) 545]. The effects of the Reynolds number, the Strouhal number and the number of the external coil(s) on levi-

tation force, the magnetic field and the flow field are clarified.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Magnetic levitation for metallic substances has been used to melt, stir, heat and evaporate electrically
conducting liquids at a high temperature, and to measure thermophysical properties such as density, surface
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tension, viscosity, electrical conductivity, and thermal properties of clean liquid metals [1,2]. Many theoret-

ical and experimental studies have been done to provide the metallurgist with electromagnetic knowledge

applied to magnetic levitation [3–9]. To avoid difficulty in solving Maxwell�s equations, most theoretical

and numerical studies for levitation melting have neglected the non-linear term in Ohm�s law for a liquid

metal [4,8,9].
On the other hand, spectral schemes have been used recently along with a finite difference scheme and a

finite element one for a numerical analysis of hydrodynamic and magnetohydrodynamic phenomena.

Although a spectral finite difference (SFD) scheme is a kind of spectral methods in principle, it is different

in nature from conventional spectral finite element methods [10], while SFD schemes in heat and fluid flow

have been developed and their effectiveness has been found [10], a few of those in magnetohydrodynamics

has been developed only to get a steady-state solution [11,12]. In this paper, magnetic levitation of liquid

metals, which is one of unsteady-state problems, is analyzed numerically with Ohm�s law included the non-

linear term, using a SFD scheme.
The paper is organized as follows: Section 2 describes analysis using a SFD scheme. In Section 3, numer-

ical results for levitation melting under the isothermal condition are presented. Conclusions are given in

Section 4.
2. Analysis

2.1. Basic equations

The equation of motion and the equation of continuity only for a liquid metal field are expressed as
q
o

ot
vþ ðv � rÞv

� �
¼ r � sþ qg; ð1Þ

r � v ¼ 0; ð2Þ
respectively, where q is the density, v the velocity vector, s the stress tensor, and g is the acceleration vector

of gravity. The following model of a stress tensor is adopted:
sij ¼ ldij � gijP þ HiBj �
1

2
gijH

kBk; ð3Þ
where l is the viscosity; dij the rate of deformation tensor; P the pressure;Hi the magnetic field vector; Bi the

magnetic flux density vector; and gij is the metric tensor.

Maxwell�s equations governing the electromagnetic field are expressed as
r� E ¼ � oB

ot
; ð4Þ

r �H ¼ j þ oD

ot
; ð5Þ

r � B ¼ 0; ð6Þ
respectively, where E is the electric field; j the current density; and D is the electric flux density. In the case

of a liquid metal, neglecting the displacement current term oD/ot is a usual assumption. Furthermore, it is
assumed that
B ¼ lmH ; ð7Þ
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where lm is the magnetic permeability. In addition to the above, Ohm�s law for a moving medium is used:
j ¼ rðE þ v� BÞ; ð8Þ

where r is electrical conductivity.
2.2. Dimensionless governing equations of a liquid metal

Axisymmetric distribution of an alternating current in an external circular coil surrounding a spherical

shape of a liquid metal is assumed.

Let (z,r,h) be a cylindrical coordinate system such that origin is located at the center of the liquid metal

and that the z-axis is perpendicular to the coil, and (z,r,h) is mapped on (R,b,h) using z + ir = exp(a + ib) =
Rexp(ib). Then vorticity-stream function formulation of an axisymmetric field is given by
J

R2
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R
oðf;wÞ
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1
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1

r
or
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� 1
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1
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� �
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; ð9Þ
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; ð10Þ
where a is radius of a liquid metal; B0 the reference magnetic flux density; U � B0=
ffiffiffiffiffiffiffiffi
lmq

p
; t the dimension-

less time based on a/U; f the dimensionless vorticity based on U/a; rw the dimensionless stream function

based on a2U; fB the dimensionless magnetic vorticity based on B0/a; rwB the dimensionless magnetic

stream function based on a 2B0, Re � ðaB0=lÞ
ffiffiffiffiffiffiffiffiffiffiffi
q=lm

p
, J ” o(z,r)/o(a,b).

By integrating the axisymmetric induction equation deduced from Maxwell�s equations, we obtain
J

R2

owB
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; ð11Þ
where Pm ” lrlm/q, f(t)/r the constant of integration to be determined (f(t): function only of t). The point

R = 0 is by no means a singular point in a physical point of view, so that as a necessary condition f(t) ” 0 is

obtained. The relation between the magnetic vorticity and the magnetic stream function is given by
� J

R2
fB ¼ o

2

oR2
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R
o
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þ 1
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2
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� �
: ð12Þ
Dimensionless velocity components in the z- and r-direction; vz and vr are, respectively, given by
vz �
1

r
oðrwÞ
or

; vr � � ow
oz

: ð13Þ
Dimensionless magnetic flux density components in the z- and r-direction; Bz and Br are, respectively, given

by
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Bz �
1

r
oðrwBÞ
or

; Br � � owB

oz
: ð14Þ
2.3. Approximation to Maxwell�s equations on an external region of a liquid metal

Electrical conductivity of a vacuum and air is nearly a zero (r F 0) so that current density on an external

region of a liquid metal is nearly a zero. Then Eq. (5) of an axisymmetric field is approximated to
o2

oR2
þ 1

R
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ob2

� �
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1
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� �
¼ 0 ð15Þ
if 1 < R < Rn or Rn + hn < R.

In the region (Rn 6 R 6 Rn + hn), Eq. (15) is replaced by
o2
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� �
¼ �feB; ð16Þ
where the dimensionless external magnetic vorticity feB is produced by a single-loop coil at Rn 6 R 6 Rn + hn
and bn6jbj6bn þ b0

n, and given by
feB ¼ Ikn cosðSt � tÞ Hðb� bnÞ � Hðb� bn � b0
nÞ þ Hðbþ bnÞ � Hðbþ bn þ b0

nÞ
� �

ðRn6R6Rn þ hnÞ;
ð17Þ
where Ikn ” (almIn)/(AcoilB0); In is the peak current in a coil; Acoil the cross-section of a coil;

St � ax
ffiffiffiffiffiffiffiffi
lmq

p
=B0, x/2p the frequency, and H( ) is the Heaviside step function. Fig. 1 shows a single-loop

configuration of the magnetic levitation melting, where crn � ðRn þ hn=2Þ cosðbn þ b0
n=2Þ, czn �

ðRn þ hn=2Þ sinðbn þ b0
n=2Þ. In case of multi-loop coils, the external magnetic vorticity feB is superimposed

from each contribution of coils.
Fig. 1. Example of magnetic levitation melting.
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2.4. Spectral formulation

The following form of a solution is considered:
w

f

� 	
¼
X1
n¼1

wnðR; tÞ
fnðR; tÞ

� 	
sin nb;

wB

fB

� 	
¼
X1
n¼1

wBnðR; tÞ
fBnðR; tÞ

� 	
sin nb: ð18Þ
2.5. Boundary conditions

As time development of electromagnetic equipment, possible loads of a liquid metal which can be lev-

itated have been considerably increased [6]. For the purpose of analysis treated is a liquid metal occupying

a volume such that no shear stresses and no normal velocity components on the free surface are considered
as the velocity boundary condition. That is,
wðR ¼ 1; b; tÞ ¼ 0; ð19Þ
J

R2
fþ 1

J
oJ
oR

ow
oR

þ Re
J

R2
BaBb

� �
R¼1

¼ 0; ð20Þ
where Ba is the dimensionless magnetic flux density component in the a-direction based on B0, and Bb is the

dimensionless magnetic flux density component in the b-direction based on B0. Eq. (19) leads to
wnð1; tÞ ¼ 0 ðnP1Þ: ð21Þ
Eq. (20) is approximated as
fnðR�1; tÞ � 2
h�1 þ h�2

h�1h�2

wnðR�1; tÞ þ 2
h�1

h�2ðh�1 þ h�2Þ
wnðR�2; tÞ þ

2

p
Re
Z p

0

sin nbðBaBbÞR¼1 db ¼ 0;

ð22Þ
where R0 = 1, R�1 and R�2 are R-values at the first and second grid point from R = 1 inward, respectively,

h�1 = 1 � R�1, and h�2 = R�1 � R�2.

Magnetic field boundary conditions are
wi
B � we

B


 �
R¼1

¼ 0; ð23Þ

owi
B

oR
� owe

B

oR

 !
R¼1

¼ 0; ð24Þ

wBðR1; b; tÞ ¼ 0; ð25Þ
where R1 is the R-value at the virtual boundary equivalent to infinity (R1 F 100), and superscripts of i

and e indicate the internal and external field of a liquid metal, respectively. Eq. (23) leads to
wi
Bnð1; tÞ � we

Bnð1; tÞ ¼ 0 ðnP1Þ: ð26Þ
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Eq. (24) is approximated as
2h0 þ h1
h0ðh0 þ h1Þ

we
Bnð1; tÞ �

h0 þ h1
h0h1

we
BnðR1; tÞ þ

h0
h1ðh0 þ h1Þ

we
BnðR2; tÞ þ

2h�1 þ h�2

h�1ðh�1 þ h�2Þ
wi

Bnð1; tÞ

� h�1 þ h�2

h�1h�2

wi
BnðR�1; tÞ þ

h�1

h�2ðh�1 þ h�2Þ
wi

BnðR�2; tÞ ¼ 0; ð27Þ
where R1 and R2 are R-values at the first and second grid point from R = 1 outward, respectively,

h0 = R1 � 1, and h1 = R2 � R1. Eq. (25) leads to
wBnðR1; tÞ ¼ 0 ðnP1Þ: ð28Þ
2.6. Auxiliary conditions

Since the point R = 0 is by no means a singular point, as a necessary condition the following hold:
wnð0; tÞ ¼ fnð0; tÞ ¼ wBnð0; tÞ ¼ fBnð0; tÞ ¼ 0 ðnP1Þ: ð29Þ
2.7. A non-uniform grid spacing in R (the internal region of a liquid meal)

To support high Reynolds and Strouhal number cases, introduced is a non-uniform grid spacing in R,

where the nth coordinate R�n numbered from the free surface is specified, using a suitable positive constant

c (h: a constant to be determined to satisfy such a condition that R = 0 is on a grid), by
R�n ¼ R0 � h
sinhðn� 1Þc

sinh c
þ 1

� �
: ð30Þ
An uniform grid spacing in R is made as c approaches +0, and the larger c produce the denser grid spacing

near R0.
2.8. Numerical integration schemes

The Fourier series (18) can be truncated up to a suitable order and governing equations can be split into

corresponding Fourier components to constitute a simultaneous partial differential equations in R and t,

which can be integrated semi-implicitly with respect to time by starting from at rest with a no magnetic field

[w(R,b,0) = f(R,b,0) = fB(R,b,0) = 0 (0 6 R < 1), wB(R,b,0) = 0 (0 6 R < R1)] to get a periodic solution in

time.
2.9. Dimensionless force and levitation radius

From Eqs. (3), (19) and (20), dimensionless levitation force Lz is given by
LzðtÞ ¼ p
Z p

0

B2
a � B2

b

� 

r
or
ob

� �
R¼1

db� 4p
Re

Z p

0
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p oðrvbÞ
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� �
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Z p

0

oP �

ob
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R¼1

db; ð31Þ
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Re
R
r
oðrfÞ
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þ
ffiffiffi
J

p
fBBa �

ffiffiffi
J

p ovb
ot

þ vb
ovb
ob

� �
; ð32Þ
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where vb is the dimensionless velocity component in the b-direction and P* is the dimensionless pressure

based on B2
0=lm. The dimensionless magnetic force component in the z-direction is defined as
Fig. 2

dimen
MzðtÞ � p
Z p

0

B2
a � B2

b
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r
or
ob
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dbþ 2p
Z p

0

BaBbr
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ob
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db

¼ 1

a2B2
0=lm

Z Z Z
ðj � BÞz dV ; ð33Þ
where dV is the volume element of a liquid metal. Time mean values of dimensionless levitation and mag-

netic force, Lm and Mm, are given by
Lm � 1

Tm

Z tþTm

t
Lz dt; Mm � 1

Tm

Z tþTm

t
Mz dt; ð34Þ
respectively, where Tm is the period in time. The dimensionless levitation radius of a sphere (the gravity

force acting to which is equal to levitation force) based on
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2=ðq2gÞ3

p
is
K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4p
Re2Lm

3

r
: ð35Þ
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3. Numerical results

(i) Common conditions under numerical computation.

All the numerical computation is executed at a time interval of 2p/(St Æ 100) with Acoil/a
2 = p/16,

hn ¼
ffiffiffi
p

p
=4 and Ikn = 1.

(ii) Force against a vertical coil position.

Dimensionless force (Lm and Mm) corresponding to a highly viscous state is plotted in Fig. 2 against a

dimensionless vertical coil position czn in case of a single-loop coil with the experimental data

(Re Æ Pm = 1.11, St = 183, the dimensionless horizontal coil position crn = 4.85) by Okress et al [3],
which shows qualitatively good agreement of computed data with experimental ones for a solid metal.

While difference between Lm and Mm, i.e., contribution from pressure and viscous terms is small.

(iii) Force against a Strouhal number.

Magnitude of dimensionless force, |Lm| and |Mm|, is plotted in Fig. 3 against a Strouhal number St at

Re = 10�3, (czn,crn) = (�1.4,1.4), Pm = 103 (ideally high viscosity) or Pm = 9.7 · 10�7 (Fe at a melting

point). The sign change of Lm at Pm = 9.7 · 10�7 will take place at higher St than that at Pm = 103.

(iv) Ba(1,b,t), Bb(1,b,t) and vb(1,b,t).
Free surface magnetic flux density components Ba(1,b,t), Bb(1,b,t) and a surface velocity component
vb(1,b,t) are plotted in Figs. 4(a)–(c), respectively, at Re = 10�3, (czn,crn) = (�1.4,1.4), Pm = 103 and

time t when fB reaches maximum, and those in Figs. 4(d)–(f), respectively, at the same condition ex-

cept Pm = 9.7 · 10�7.
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Fig. 3. Comparison of dimensionless force between Pm = 103 and Pm = 9.7 · 10�7 at Re = 10�3 and the coil position

(czn,crn) = (�1.4,1.4).
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Fig. 4. Graphs of Ba(1,b,t), Bb(1,b,t) and vb(1,b,t) at Re = 10�3, the coil position (czn,crn) = (�1.4,1.4) and time t when fB reaches

maximum: (a)–(c) Pm = 103; (d)–(f) Pm = 9.7 · 10�7.

120 K. Im, Y. Mochimaru / Journal of Computational Physics 203 (2005) 112–128



012
r

-2

-1

0

1

2z

(a)

0 1 2 012
r

-2

-1

0

1

2z

(b)

0 1 2

012
r

-2

-1

0

1

2z

(c)

0 1 2 012
r

-2

-1

0

1

2z
(d)

0 1 2

012
r

-2

-1

0

1

2z

(e)

0 1 2 012
r

-2

-1

0

1

2z

(f)

0 1 2

Fig. 5. Magnetic field solutions at Pm = 9.7 · 10�7, Re = 10�3, the coil position (czn,crn) = (�1.4,1.4) and time t when fB reaches

maximum; contour lines of wB (dwB = 5 · 10�3); contour lines of the dimensionless magnetic vorticity on right. (a) St = 105,

dfB = 2 · 10�6; (b) St = 107, dfB = 2 · 10�6; (c) St = 108, dfB = 2 · 10�5; (d) St = 109, dfB = 2 · 10�4; (e) St = 1010, dfB = 0.02; (f)
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(v) Contour lines of wB and fB with St at a single coil.

Contour lines of wB and fB for a single coil are shown in Figs. 5(a)–(f) for various St at

Pm = 9.7 · 10�7(molten Fe), Re = 10�3, (czn,crn) = (�1.4,1.4) and time t when fB reaches maximum.

At the highest Strouhal number St of 1011, magnetic vorticity is found to be concentrated to the sur-

face of a liquid metal.
(vi) Contour lines of w and f with St at a single coil.

Contour lines of w and f are shown in Figs. 6(a)–(d) for various St at Pm = 9.7 · 10�7(molten Fe),

Re = 10�3, (czn,crn) = (�1.4,1.4) and time t when fB reaches maximum.

(vii) Variation of |Lm| with St and Re at a single coil.

Variation of |Lm| with St and Re is shown in Figs. 7(a) and (b), respectively, at Pm = 9.7 · 10�7 and

(czn,crn) = (�1.4,1.4).

(viii) Contour lines of wB, fB, w and f with Re at a single coil.

Contour lines of wB and fB at Re = 102 and 104 are shown in Figs. 8(a) and (e), respectively, and those
of w and f at Re = 102, 103, 3 · 103 and 104 are shown in Figs. 8(b), (c), (d), (f), respectively. The abso-

lute value of w at the bottom circularity center increases with Re as found in Figs. 8(b), (c), (d), (f).
, c) = ( � 184,184) and timet when
w on left; contour lines of the dimensionless vorticity on right. (a)
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Fig. 7. Variation of |Lm| at Pm = 9.7 · 10�7 and the coil position (czn,crn) = (�1.4,1.4).
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(ix) Variation of |Lm| and K for various coil configurations.

Variation of |Lm| for various coil configurations at Re = 10 with St and that at St = 104 with Re are

shown in Figs. 9(a) and (b), respectively, while variation of K at Re = 10 with St and that at St = 104

with Re are shown in Figs. 9(c) and (d), respectively.
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(x) Contour lines of wB, fB, w and f with Re at two external coils.

Contour lines of wB and fB for two external coils are shown in Figs. 10(a)–(f) for various Re at
Pm = 9.7 · 10�7, St = 104, two coils and time t when fB reaches maximum, whereas those of w and

f for two external coils are shown in Figs. 11(a)–(f) for various Re at Pm = 9.7 · 10�7, St = 104,

two coils and time t when fB reaches maximum.

(xi) The magnetic Prandtl number of a liquid metal.

Although numerical calculation for the liquid metal is performed at Pm = 9.7 · 10�7 (Fe at the melting

point), numerical results are not limited qualitatively to iron because liquid metals have low magnetic

Prandtl numbers (about 10�7 � 10�5). Table 1 shows that a difference between levitation forces Lm at

Pm = 9.7 · 10�7 and Pm = 2.6 · 10�6 (Al at the melting point) is small.
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Table 1

Values of Lm at St = 104

Pm Re

10�2 10�1 1 10 102

9.7 · 10�7 �2.8 · 10�4 �2.1 · 10�4 �8.1 · 10�6 5.2 · 10�4 1.1 · 10�2

2.6 · 10�6 �2.8 · 10�4 �2.1 · 10�4 �6.6 · 10�6 6.4 · 10�4 2.1 · 10�2
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4. Conclusions

It is demonstrated that, with proper transformation of governing equations and boundary conditions, it

is possible to obtain unsteady-state periodic solutions of liquid metals in a vertical axisymmetric levitation
melting, using a spectral finite difference method. Levitation force, magnetic force, magnetic fields and flow

fields were presented for several parameters. Numerical data for high viscosity on dimensionless force with

the dimensionless vertical coil position are qualitatively in good agreement qualitatively with experimental

data for a solid metal [3]. The effects of the Reynolds number, the Strouhal number and the number of the

external coil(s) on levitation force, the magnetic field and the flow field are clarified, with a peak of levita-

tion force against a Strouhal number at a constant Reynolds number or Reynolds number at a constant

Strouhal number.
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